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For E > ∆ 0 , the excited states appear dramatically different. They do not have the BQP interference phenomena expected of excitations from delocalized Cooper pairs.
Instead, they appear to be quasi-localized in r-space. Also, energy-resolved tunnelling asymmetry 20 , when corrected appropriately for nanoscale electronic disorder, reveals that the intensity of these r-space characteristics is most pronounced at the pseudogap energy. Thus the low-p pseudogap excitations locally break translational symmetry, and reduce the 90° rotational (C 4 ) symmetry of each four-Cu-atom plaquette to a 180° rotational symmetry (C 2 ) in Cu-O-Cu bond-centred patterns 20 .
Two classes of CuO 2 excited states at low hole density
The hole-doped CuO 2 plane has a complex electronic phase diagram 21 . Its ground states include antiferromagnetism for p < 2%-5%, d-wave superconductivity for 5%-10% < p < 25%, and a metallic state for p > 25%. Several poorly understood regions occur at finite temperatures in the non-superconducting state, most significantly the pseudogap regime 21 . Its spectrum of electronic excitations reveals the pseudogap phenomenology most transparently. Two distinct energy scales, associated with two distinct types of excited state dynamics, can be detected by numerous spectroscopies 22 . The two excitation energies diverge with diminishing p as shown, for example, in Fig. 1a (reproduced from ref. 22 , the nomenclature of which we follow in this introduction).
Single-particle tunnelling spectroscopy 23 detects a particle-hole-symmetric excitation energy E PG that is indistinguishable in magnitude in the pseudogap and superconducting states 23 and which increases with decreasing p. A typical evolution of such spectra with decreasing p is shown in Fig. 1b . Here the two classes of excitations are respectively spatially heterogeneous 24-26 excitations centred on E PG and spatially homogeneous 16, 19, [24] [25] [26] excitations surrounding E = 0; they exhibit increasing energy segregation as p → 0. Andreev-St James tunnelling, which is sensitive to the phasecoherent superconducting state, also reveals two diverging excitation energy scales as p → 0: the first is the familiar high-energy scale E PG but the second, lower energy, scale E SC is viewed as the maximum energy of Cooper-pair binding 27 . Optical transientgrating spectroscopy 28 shows that the higher energy excitations near E PG propagate exceedingly slowly and without recombination to form Cooper pairs, whereas lower energy excitations surrounding the E = 0 nodes propagate and dynamically reform
Cooper pairs as expected. Raman scattering spectroscopy 29 reveals the two distinct energy scales and quasi-particle dynamics in the nodal and antinodal regions of k-space, again diverging as p → 0.
Finally, angle-resolved photoemission spectroscopy (ARPES) plays a central role in categorizing these two excitation types. In the pseudogap regime, ARPES reveals an excitation energy E PG in the antinodal region of momentum space near k ≈ (±π/a 0 , 0) and k ≈ (0, ±π/a 0 ) that increases as p → 0. E PG is independent of temperature, changing neither with greatly increased temperatures nor during the transition into the superconducting state at low temperature 22, [30] [31] [32] [33] [34] . In contrast, the nodal region supports a 'Fermi arc' 30 Fig. 1c . Notably, E SC links smoothly to the pre-existing pseudogap excitation energy E PG at their common point in k-space [30] [31] [32] [33] [34] . To understand the copper oxide superconductor-to-Mott insulator transition fully, it is thus critical to understand these two electronic excitation types along with their growing energetic segregation as p → 0.
Numerical studies of hole doped CuO 2 Mott insulators
The hypothesis of a 'resonating valence-bond' state 35 has motivated the theoretical exploration of whether repulsive electron-electron interactions in the CuO 2 plane could provide the explanation for high-temperature superconductivity. In such proposals, when the antiferromagnetic Mott insulator is 'quantum melted' by hole doping, singlet electron-pairing correlations develop, with the pairing energy diminishing as p increases.
However, such theoretical approaches have faced a number of challenges, including how to adequately represent the anisotropic electronic structure in k-space [29] [30] [31] [32] [33] [34] and the quasi-localized 20,24-26 r-space states, which become increasingly important as p → 0.
Recent theoretical advances in the numerical analysis of the Hubbard model [1] [2] [3] [4] [5] [6] [7] [8] [9] with associated analytical approximations [10] [11] [12] [13] are highly relevant to these issues. They yield the following results, among others: the lightly hole-doped Mott insulator state has two excitation energy scales that diverge with decreasing p (refs 1, 2, 7-9); the smaller scale represents the energy gap to excitations of delocalized Cooper pairs, whereas the larger scale is due to correlations and not a different order parameter 1-3,7-9 ; a growing k-space anisotropy between these two types of excitation leads to an eventual break-up of the Fermi surface 1,4,5,7-11,13 as p → 0; the Luttinger theorem relating the areas enclosed by zero-energy k-space contours to carrier density must thus be amended 1,9-13 ;
and the doped Mott insulator correlations produce an asymmetry of tunnelling probabilities for electron injection versus extraction 3, 4, 6, 9, 13 that diverges with decreasing p.
Simultaneous r-space and k-space electronic structure determination
To explore these predictions, the electronic structure must be determined simultaneously in r-space and k-space, as a function of decreasing p. Atomic-resolution spectroscopic-imaging scanning tunnelling microscopy in combination with BQP interference [15] [16] [17] [18] [19] is one of the few suitable approaches. This technique has a critical advantage in that it can detect the quantum coherence of k-space excitations directly from their interference patterns. 
This is referred to [15] [16] [17] [18] [19] as the 'octet model'. When these q i (E) are measured from the Fourier transform of spatial modulations 16, 19 seen in differential tunnelling conductance dI(r, V)/dV ≡ g(r, V) the k B (E) can be determined by using equations (1)- (7) with the requirement that all independent solutions be consistent. The structure of the superconductor's energy gap ∆(k) is then determined [15] [16] [17] [18] [19] directly from k B (E) (see Supplementary Information, sections III and IV). Of primary significance here is that, because only the BQP states of a d-wave superconductor could exhibit such a particlehole-symmetric set of interference wavevectors in which all dispersions are internally consistent within the octet model, the gap ∆(k) determined by these procedures is definitely the superconducting energy gap 16, 19 .
These procedures are demonstrably successful near optimal doping. In , whereas in Ca 2-x Na x CuO 2 Cl 2 , QPI yields k B (E) and ∆(k) measurements equally well 19 . For unknown reasons, when E < 3-6 meV in both systems, the modulations appear to be too weak to analyse (although with unitary scatterers these intra-nodal scattering modulations do appear). In any case, the fundamental k-space phenomenology behind this d-wave BQP interference model 15, 17, 18 has also been demonstrated directly in ARPES studies [36] [37] [38] . QPI studies have been more challenging as p → 0, though, because intense atomic-scale spatial fluctuations in electronic structure cause systematic errors in setting the scanning tunnelling microscope tip elevation 19, 20 . Recently, however, it was shown 19 how to enhance the QPI signatures by using the ratio of differential conductances at opposite bias:
The advantage of this procedure is that it cancels 19,20 the severe systematic errors in g(r, V) due to tip elevation errors, yet retains all the q i (E) information (see Supplementary   Information , section II).
Outline of methods
Here we report the first application of these techniques to the simultaneous study of rspace and k-space electronic structure as p → 0 in a copper oxide superconductor. We 
Extinction of BQP interference
In Fig and that the intensity of all but two q vectors diminishes to zero, at some weakly doping-dependent excitation energy which we label E = ∆ 0 . This is indicated by black arrows in Fig. 2e , f. In Fig. 2d we show a representative Z(q, E) for E > ∆ 0 (from the same p ~ 8% sample). Here we detect only two non-dispersive q vectors, labelled q 1 * and q 5 * in Fig. 2d 31) . Here, however, we find that this phenomenon occurs in all samples with 6% < p < 19% (the q 1 * and q 5 * data for all E > ∆ 0 are shown for these p values in Supplementary Fig. 2 ). Our first key finding is then that, above some energy ∆ 0 , the dispersing BQP interference wavevectors q i (E) always disappear, to be replaced by a completely non-dispersive excitation spectrum represented by q 1 * and q 5 *.
In Fig. 3a we plot the k B (E) determined from the same data. Here it is apparent that when the BQP interference patterns disappear at ∆ 0 , the k states are near the diagonal lines between (0, ±π/a 0 ) and (±π/a 0 , 0) within the CuO 2 Brillouin zone. This kspace 'extinction point' for BQP interference is defined not only by the change from dispersive to non-dispersive characteristics, but also by the disappearance of the q 2 , q 3 , q 6 and q 7 modulations ( Fig. 2f and Supplementary Fig. 5 ). Thus, the BQP interference signatures of delocalized Cooper pairs vanish close to the perimeter of a k-space region bounded by lines between (0, ±π/a 0 ) and (±π/a 0 , 0). We emphasize that this occurs neither at precisely the same k vector nor energy ∆ 0 for each p, but always near the boundary of this restricted region (Fig. 3a) . Within this region, the quasi-particles are confined to a Bogoliubov arc (fine solid lines in Fig. 3a ) that shrinks rapidly towards k = (±1/2, ±1/2)π/a 0 with decreasing p. We hypothesize that this Bogoliubov arc is always coincident with the Fermi arc detected in the normal state [30] [31] [32] [33] [34] 36, 37 .
Carrier density counts
Conventional theory would predict that the minima (maxima) of the Bogoliubov bands In that situation, the hole density is related quantitatively to the area between the lines joining k = (0, ±π/a 0 ) to k = (±π/a 0 , 0) and the Fermi arcs. The carrier densities calculated using the region bounded by k B (E) (arcs in Fig. 3a ) and the hypothesized lines of zeros between k = (0, ±π/a 0 ) and k = (±π/a 0 , 0) (for example the dashed diagonal in Fig. 3a) are shown by open symbols in the inset to Fig. 3a . These are in better agreement with the estimated hole density (see Supplementary Information) . Thus, we conclude that if the Green's function lines of zeros occur between k = (0, ±π/a 0 ) and k = (±π/a 0 , 0), the measured k-space structure and the doped-hole density can remain consistent as p → 0.
Relationship of superconducting energy gap to the pseudogap energy
In Fig. 3b we plot the doping dependence of the superconducting energy gap ∆(θ k ) (see We find that with decreasing p, ∆ QPI increases rapidly and B decreases slowly (Fig. 3b) .
Finally, the maximum energy of the fitted superconducting gap ∆ QPI is always in good quantitative agreement with the spatially averaged pseudogap maxima 〈∆ 1 〉 as derived from the particle-hole-symmetric peaks in the spectra (Fig. 1b) ; this relationship is shown in the inset to Fig. 3b .
r-space structure of pseudogap excitations
Next we examine the structure of excitations above the extinction energy ∆ 0 , where no dispersive QPI is detected. We find that these Z(q, E) have only two non-dispersive q vectors, namely q 1 * and q 5 *, which evolve with p as shown implicitly in Fig. 3a (and in detail in Supplementary Fig. 6 ). As might be expected from their lack of energy dispersion, it is in r space that these excitations appear most well defined. Analysis of Z(r, E) for ∆ 0 < E < 150 meV shows spatial patterns that are highly similar at all energies but have spatial variations in intensity. Representative examples are shown in To address this issue, we focus on the maximum intensity of Z(r, E) for each E.
This fluctuates strongly in space as shown, for example, in Fig. 4a , b. However, simultaneous images of the pseudogap energy scale ∆ 1 (r) (as defined in the inset to Fig.   4d ) also show strong spatial fluctuations (Fig. 4c ). Comparing these with Fig. 4a , b, it seems that Z(r, E) exhibits its maximum intensity in the spatial regions where E = ∆ 1 (r).
To quantify this, we scale the energy E at each r by the pseudogap magnitude ∆ 1 (r) at the same location, thus defining the new energy scale e(r) = E/∆ 1 (r) to be a fraction of the local pseudogap energy scale. We find that the translational-and C 4 -symmetrybreaking bond-centred modulations exhibit an apparent maximum intensity at e = 1, or E(r) = ∆ 1 (r) (Supplementary Information section VII and Fig. 7) . Our conclusion is then that the intricate r-space patterning of electronic structure seen in the maps of R (ref. 20 and Fig. 4f ) is actually an atomic-scale visualization of the spatial structure of low-p pseudogap excitations (Figs 4e and 5a and Supplementary Fig. 7 ).
Summary and discussion
As p is reduced towards the Mott insulator state, scattering interference modulations of BQPs always disappear at an energy ∆ 0 that is indistinguishable from the energy at which electronic homogeneity is lost 26 . BQP interference disappears near the perimeter of a region in k space restricted by the lines joining k = (0, ±π/a 0 ) and k = (±π/a 0 , 0).
For energies E > ∆ 0 , the electronic structure appears to be static in r-space and independent of E. In fact, it consists of the atomic-scale spatial patterns previously A number of theoretical issues emerge from these observations. For example, we do not know why the BQP interference extinction occurs near the perimeter of the kspace region bounded by the lines joining k = (0, ±π/a 0 ) and k = (±π/a 0 , 0). One reason could be that this k-space perimeter coincides with the boundary at which elastic particle-particle Umklapp scattering should intensify rapidly as the Mott insulator state is approached 1 . A different possibility is that the r-space electronic structure has undergone a reconstruction in which the periodicity of the crystal structure is increased due to the appearance of a coexisting long-range-ordered state; the arcs in 
